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THERMO-VISCO-ELASTICITY FOR NORTON-HOFF-TYPE MODELS WITH
HOMOGENEOUS THERMAL EXPANSION
PIOTR GWIAZDA, FILIP Z. KLAWE, AND SEBASTIAN OWCZAREK
Abstract. In this work we study a quasi-static evolution of thermo-visco-elastic model with homogeneous
thermal expansion. We assume that material is subject to two kinds of mechanical deformations: elastic
and inelastic. Inelastic deformation is related to a hardening rule of Norton-Hoff type. Appearance of
inelastic deformation causes transformation of mechanical energy into thermal one, hence we also take into
the consideration changes of material’s temperature.
The novelty of this paper is to take into account the thermal expansion of material. We are proposing
linearisation of the model for homogeneous thermal expansion, which preserves symmetry of system and
therefore total energy is conserved. Linearisation of material’s thermal expansion is performed in definition
of Cauchy stress tensor and in heat equation. In previous studies, it was done in different way. Considering
of such linearisation leads to system where the coupling between temperature and displacement occurs in
two places, i.e. in the constitutive function for the evolution of visco-elastic strain and in the additional
term in the heat equation, in comparison to models without thermal expansion. The second coupling was
not considered previously. For such system of equations we prove the existence of solutions. Moreover, we
obtain existence of displacement’s time derivative, which has not been done previously.
1. Introduction
The subject of this work is to analyze the class of models describing response of thermo-visco-elastic
material to applied external forces and the heat flux through the boundary. Thermo-visco-elastic system of
equations captures displacement, temperature and visco-elastic strain of the body. It is a consequence of
physical principles, such as balance of momentum and balance of energy, cf. [20,22,30], supplemented by two
constitutive relations: definition of Cauchy stress tensor and evolutionary equation for visco-elastic strain,
which describes the material properties.
Reactions of visco-elastic materials may be different for different loads speed. Our interest is to examine
slow motion of materials where inertial forces are negligible, see e.g. [17, 18, 25, 37–40]. Additionally, we
consider the model with infinitesimal displacement (dependence between the Cauchy stress tensor and elastic
part of strain is linear, i.e. generalized Hooke’s law holds), the process holds in the neighborhood of some
reference temperature and, what is new here, we consider problem which also takes into account thermal
expansion of material.
We assume that the body Ω ⊂ R3 is an open bounded set with a C2 boundary and moreover, it is
homogeneous in space. The material undergoes two kinds of deformations: elastic and inelastic. By the
first type we understand reversible deformations, by the second - irreversible. In this paper we deal with
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visco-elastic type of inelastic deformation. The problem is captured by the following system
(1.1)
−divσ = f ,
σ = T − αI,
T =D(ε(u)− εp),
ε
p
t = G(θ,T
d),
θt −∆θ + αdivut = T d : G(θ,T d),
which are fulfilled in Ω × (0, T ) and where u : Ω × R+ → R3 describes displacement of the material,
θ : Ω×R+ → R stays for temperature of the material and εp : Ω×R+ → S3d is visco-elastic strain tensor. We
denote by S3 the set of symmetric 3× 3-matrices with real entries and by S3d a subset of S3 which contains
traceless matrices. By T d we mean the deviatoric part (traceless) of the tensor T , i.e. T d = T − 13 tr(T )I,
where I is the identity matrix from S3. Additionally, ε(u) denotes the symmetric part of the gradient of
displacement u, i.e. ε(u) = 12 (∇u+∇Tu). The volume force is denoted by f : Ω× R+ → R3.
We complete the considered problem by formulating the initial conditions
(1.2)
θ(x, 0) = θ0(x),
εp(x, 0) = εp0 (x),
in Ω and boundary conditions
(1.3)
u = g,
∂θ
∂n
= gθ,
on ∂Ω× (0, T ).
The visco-elastic strain tensor is described by the evolutionary equation with prescribed constitutive
function G(·, ·). Different assumptions made on function G(·, ·) lead to creation of different models. The
subject of current paper is to consider the hardening rule defined by Norton-Hoff-type constitutive law, see
forthcoming Assumption 1.1. In the literature, many different models were described, see [1, 14, 17, 18, 34]
or [22, 27]. Norton-Hoff or Norton-Hoff-type models were studied e.g. in [15, 16, 22, 29]
The function σ : Ω×R+ → S3 is the Cauchy stress tensor. It may be divided into two parts: mechanical
(elastic) and thermal one. The mechanical part is T = D(ε(u) − εp), where the operator D : S3 → S3 is
linear, positively definite and bounded. The operatorD is a four-index matrix, i.e. D = {di,j,k,l}3i,j,k,l=1 and
the following equalities hold
(1.4) di,j,k,l = dj,i,k,l, di,j,k,l = di,j,l,k and di,j,k,l = dk,l,i,j ∀i, j, k, l = 1, 2, 3.
These equivalences are consequences of angular momentum conservation. For simplicity, we assume that
di,j,k,l are constants.
The second part of Cauchy stress tensor is a thermal one. This term did not appear in [21, 22, 28]. The
novelty of this paper is that we added thermal expansion to model considered previously, which extends result
for more general class of models. Taking thermal expansion into account, heat equation also changes and it
may be understood as follows: an additional transfer of energy between its mechanical and thermal parts
appears as a consequence of material’s thermal expansion. There appears a nonlinear term α(θ − θR)divut
in heat equation (derivation of thermo-visco-elastic model may by found e.g. in [27]), which causes main
problems during the analysis. Here, we denote by θR a temperature in which thermal stress is equal to zero.
There were many papers in which such issue was presented. Authors deal with it in different ways, e.g. by
linearisation of nonlinear term, see [3,23,24], or by adding additional damping term in momentum equation,
see [15, 16], which gives missing regularity estimates for time derivative of displacement as a consequence of
estimate for momentum equation. Without this additional damping term time derivative of displacement
appears only in heat equation. However, none of these ways guarantee that model catch all of mathematical
and physical properties of considered phenomenon. Our idea is to make different linearisation than one
presented e.g. [3, 23, 24].
Now, we shall explain our reasons for considering thermal part of Cauchy stress tensor in form of αI and
additional term in heat equation in form of αdivut. Model derivation, see [27,30], leads to obtaining strictly
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different form of (1.1). However, making suitable assumptions (slow and long-time behaviour of materials,
process holds in the neighborhood of reference temperature etc.) it may be considered in this form. The first
assumption leads to omitting the acceleration term in momentum equation, whereas the second one gives us
opportunity to make a thermal part of Cauchy stress tensor simplified.
There is a big class of materials which are not subject of thermal expansion, that is α = 0. This case was
a subject of our previous studies, see [21, 22, 28]. There are also materials which change their volume with
changes of temperature. If their volume increases with increasing temperature then α > 0, otherwise α < 0.
Moreover, thermal expansion of material depends on conditions in which material is examined, e.g. it may
depend on temperature, pressure etc..
At this moment we should distinguish between two values of temperatures, which will be subject of the
following discussion. The first one is temperature for which thermal stress does not appear. We denote
it by θR. The second one is temperature in the neighborhood of which the process holds. We call it a
reference temperature and denote it by θ¯. We assume that thermal strain is proportional to difference
between temperature θ and θR, i.e. it is equal to α(θ − θR)I, where α is constant (positive or negative).
Materials with such properties were subject of study in [26,31,33] and many others. Of course, thermal stress
may be defined more generally, where α(·) is a smooth function of θ− θR, such that α(0) = 0. The following
reasoning will work also in this case. However, we will focus on linear dependency. Then, assumption on
form of thermal stress causes that there appears also coupling in heat equation and we have
(1.5)
σ = T − α(θ − θR)I,
θt − κ∆θ + α(θ − θR)divut = T d : G(θ,T d).
The main issue which we have to deal with here is nonlinear term in heat equation, i.e. αθdivut. Linearisation
of this term solves this problem. Appearance of this term in heat equation is a consequence of definition
of Cauchy stress tensor. Hence, if we assume that process holds in the neighborhood of temperature θ¯ and
we linearise temperature in term α(θ− θR)divut in heat equation without making a linearisation of Cauchy
stress tensor, we will lose the symmetry in system of equations. Similar assumptions were done in [23, 24],
where authors assume that (θ − θR)− θ¯ is sufficiently small only in heat equation. Then it leads to
(1.6)
σ = T − α(θ − θR)I,
θt − κ∆θ + γdivut = T d : G(θ,T d),
where γ is a constant which approximate α(θ − θR). This linearisation leads to the system where energy is
not conserved because of broken symmetry between definition of Cauchy stress tensor and heat equation.
Our idea is to make linearisation in the different way, to avoid this unexpected property of system which
describe physical phenomenon. We linearise term θ− θR in both equations (1.5), i.e. we assume that θ− θR
may be approximated by θ¯. Thus,
(1.7)
σ = T − αθ¯I,
θt − κ∆θ + αθ¯divut = T d : G(θ,T d).
Henceforth, we focus on equation for Cauchy stress tensor and heat equation in this form. It has not been
examined previously. One should notice two aspects of such linearisation. Firstly, instead of [23, 24] it leads
to the system which conserves the energy. And secondly, in our linearisation there appears non-zero stress
for homogeneous data problem. It may be understood as constant pressure caused by external force, i.e. the
material is compressed (for positive αθ¯) or stretched (for negative αθ¯). Furthermore, approximation (Taylor’s
series) made for temperature is cut off on the same level in all equations which do not take place in [3,23,24].
Since α, θ¯ are constants, in the rest of the paper, we will denote the product of αθ¯ by α. Additionally, we
assume that it is positive.
It is worth to mention [16] and [15], where authors considered the thermo-visco-elastic system of equa-
tions with non-linear thermal expansion. In those papers authors did not assume that process holds in the
neighborhood of reference temperature as occurred in the system (1.7). We use the original notation from
those paper but forthcoming function f is the same as considered here function α. Thermal part of Cauchy
stress tensor is equal to −f(θ)I, where f : R → R is continuous and satisfies suitable growth conditions
(motivation for assumptions on the function f is similar to the conditions studied in [7] and [8]). However,
this nonlinear thermal part of stress imposed to add a damping term to momentum equation, which allows
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to control the divergence of velocity in the heat equation. In the current study, we do not add this term in
system (1.1). Moreover, we make more general assumptions on function G than in [15, 16], where it did not
depend on temperature and had more detailed growth conditions with respect to second variable.
Similar way to deal with such problem was presented in [4,5,35], where authors studied the thermal-visco-
plasticity system for Kelvin-Voigt-type material. Kelvin-Voigt-type materials have got additional term in
Cauchy stress tensor, i.e. time derivative of deformations gradient, which regularise the solution. Mathemat-
ically, authors obtain a PDEs with different order and this additional term allows to control the divergence
of velocity in the heat equation. Nevertheless, physical motivations for this additional term are different than
ones presented in [15, 16] but regularisations effects are the same. In [4, 5, 35] evolution of the plastic strain
is governed by Prandtl-Reuss flow rule. Material’s thermal expansion appears in [5, 35]. Since flow rules in
these papers did not depend on temperature, the only coupling effect between displacement and temperature
was caused by thermal part of Cauchy stress tensor. On the contrary, in [4] Kelvin-Voigt material without
thermal expansion was considered and a coupling between displacement and temperature was a consequence
of temperatures dependent flow rule. It is worth to emphasize that in (1.1) coupling between thermal and
mechanical effects takes place similarly in thermal expansion and flow rule.
Assumption 1.1. The function G(θ,T d) is continuous with respect to θ and T d and satisfies for p ≥ 2 the
following conditions:
a) (G(θ,T d1)−G(θ,T d2)) : (T d1 − T d2) ≥ 0, for all T d1,T d2 ∈ S3d and θ ∈ R;
b) |G(θ,T d)| ≤ C(1 + |T d|)p−1, where T d ∈ S3d , θ ∈ R;
c) G(θ,T d) : T d ≥ β|T d|p, where T d ∈ S3d , θ ∈ R,
where C and β are positive constants, independent of the temperature θ.
The subject of the present study is to focus on the main issues which appear during the analysis of models
including thermal expansion. Norton-Hoff-type model is a good prototype to develop general theory. It is
also a good approximation of Prandtl-Reuss law of elastic-perfectly-plastic deformation, see [17, 40].
One may observe that in the system (1.1) displacement and temperature depend on each other. This
leads to many technical problems which we have to deal with during the analysis of this model. It would
seem that the omission of explicit dependent of temperature in definition of Cauchy stress tensor leads to
displacement which is independent of temperature. However, we shall observe that temperature appears in
the evolutionary equation for the visco-elastic strain tensor and it have implicit impact on displacement.
Before we formulate definition of weak solutions and state the main theorem of this paper let us introduce
notationW 1,p
′
g (Ω,R
3) :=
{
u ∈ W 1,p′(Ω,R3) : u = g on ∂Ω
}
andW 1,p
′
gt
(Ω,R3) :=
{
v ∈W 1,p′(Ω,R3) : v = gt on ∂Ω
}
,
where gt denotes time derivative of function g and p
′ = p/(p− 1). This allows us to define the solution to
thermo-visco-elastic model in transparent way.
Definition 1.1. Let p ≥ 2 and q ∈ (1, 54 ). The triple of functions
u ∈ Lp′(0, T,W 1,p′g (Ω,R3)) with ut ∈ Lp
′
(0, T,W 1,p
′
gt
(Ω,R3)),
T ∈ L2(0, T, L2(Ω,S3))
and
θ ∈ Lq(0, T,W 1,q(Ω)) ∩ C([0, T ],W−2,2(Ω))
is a weak solution to the system (1.1) if
(1.8)
∫ T
0
∫
Ω
(T − αI) : ∇ϕ dxdt =
∫ T
0
∫
Ω
f ·ϕ dxdt,
where
(1.9) T =D(ε(u)− εp),
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and
−
∫ T
0
∫
Ω
θφt dxdt−
∫
Ω
θ0(x)φ(0, x) dx +
∫ T
0
∫
Ω
∇θ · ∇φdxdt−
∫ T
0
∫
∂Ω
gθφdxdt
+
∫ T
0
∫
Ω
αdiv (ut)φdx dt =
∫ T
0
∫
Ω
T d : G(θ,T d)φdx dt,
(1.10)
holds for every test function ϕ ∈ C∞([0, T ], C∞c (Ω,R3)) and φ ∈ C∞c ([−∞, T ), C∞(Ω)). Furthermore, the
visco-elastic strain tensor can be recovered from the equation on its evolution, i.e.
(1.11) εp(x, t) = εp0 (x) +
∫ t
0
G(θ(x, τ),T d(x, τ)) dτ,
for a.e. x ∈ Ω and t ∈ [0, T ). Moreover, εp ∈W 1,p′(0, T, Lp′(Ω,S3d)).
Theorem 1.1. Let p ≥ 2 and let initial conditions satisfy θ0 ∈ L1(Ω), εp0 ∈ L2(Ω,S3d), boundary conditions
satisfy g ∈ W 1,p(0, T,W 1− 1p ,p(∂Ω,R3)), gθ ∈ L2(0, T, L2(∂Ω)) and volume force f ∈W 1,p(0, T,W−1,p(Ω,R3))
and function G(·, ·) satisfy the Assumption 1.1. Then there exists a weak solution to system (1.1).
The proof regarding existence of solutions to thermo-visco-elastic model with thermal expansions and
Norton-Hoff-type hardening rule is done with use of two level Galerkin approximation. It means that we have
independent parameters for approximation of displacement and temperature. This method was previously
used for continuum mechanic models, e.g. see [21,22,28,29], or for models describing fluid motion, see [12,13].
The main reason to use two level approximation here is low regularity of right-hand side of heat equation.
Since product G(θ,T d) : T d is only an integrable function we have to use technique which gives us existence
of solution to parabolic equation with low regular data. There are two possible approaches which may be
applied here: Boccardo and Gallouët approach or renormalised solutions, see [6,9,10]. We focus on Boccardo
and Gallouët, since it makes this paper more clear. However, also renormalised solutions may be applied for
continuum mechanics problem with law regularity of data, see [28].
We have to use two level approximation because of technical part of proof presented by Boccardo and
Gallouët. We have to test approximate heat equation by truncation of its solution. Approximate solutions
are constructed as finite dimensional approximations, see Appendix B. Construction of basis functions does
not guarantee that after truncation the approximate solution will belong to the same finite dimensional space.
Due to this fact we use different parameter of approximation regarding to displacement and temperature. We
will firstly make a limit passage with parameter corresponding to approximation of temperature to obtain
a sequence of approximate temperature in infinite dimensional space. For such functions, their truncations
belong to the same space. Together with truncation of right-hand side of heat equation and initial data on
level corresponding to range of Galerkin approximation for displacement, it guarantees that Boccardo and
Gallouët approach may be applied.
Since present considerations are following partially similarly as presented in [22], we skip some parts of
the proof, which may be found in [22].
All functions appearing in this paper are functions of position x and time t. We often omit the variables of
the function and write u instead of u(x, t). All of the computation are conducted in Lagrangian coordinates.
In view of the fact that the displacement is small, the stress tensor in Lagrangian coordinates is approximated
by the stress tensor in Eulerian coordinates. This is a standard way of considering the inelastic models, for
more details see [41, Chapter 13.2]. Moreover, we denote vectors by v (small bold letters) and matrices by
T (capital bold letters).
The rest of this paper is organised as follows: In Section 2 we present proof of main theorem. Appendix
A is dedicated to transformation of system into homogeneous boundary value problem. In Appendix B we
present a construction of bases which are used to obtain approximate solutions. In Appendix C we proved
Lemma 2.2. Finally, in Appendix D we recalled Boccardo and Gallouët approach to parabolic equation with
Neumann boundary condition.
2. Proof of Theorem 1.1
The aim of this section is to present proof of existence of solution regarding to Norton-Hoff-type models
with thermal expansion. We focus on the main problems which appear during the analysis of models including
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thermal expansion. The proof is divided into a few steps. Firstly, we define the approximate solutions and
prove their existence. Then, we make limit passages with l→∞ and then with k →∞.
2.1. Construction of approximate solutions. We start the proof from transforming the problem into
homogeneous boundary value problem, see Appendix A. Hence, (1.1) transforms into
(2.1)
−divσ = 0,
σ = T − αI,
T = D(ε(u)− εp),
ε
p
t = G(θ˜ + θ, T˜
d
+ T d),
θt −∆θ + αdiv (ut) =
(
T˜
d
+ T d
)
: G(θ˜ + θ, T˜
d
+ T d),
where T˜ and θ˜ are solutions of (A.1) and (A.2), respectively. System (2.1) is considered with initial and
boundary conditions
(2.2)
θ(·, 0) = θ0 in Ω,
εp(·, 0) = εp0 in Ω,
u = 0 on ∂Ω× (0, T ),
∂θ
∂n
= 0 on ∂Ω× (0, T ),
where θ0 is a difference between given initial value and initial value θ˜0 which was used to cut off the boundary
value problem, see (A.2) in Appendix A.
The approximate system of equations is constructed using the same argumentation as in [22]. We present
briefly this result in Appendix B. Thus, for every k, l ∈ N, we are looking for
uk,l =
k∑
n=1
αnk,l(t)wn,
θk,l =
l∑
m=1
βmk,l(t)vm,
ε
p
k,l =
k∑
n=1
γnk,l(t)ε(wn) +
l∑
m=1
δmk,l(t)ζ
k
m,
(2.3)
where {wn}, {vm} are bases for W 1,20 (Ω,R3) andW 1,2(Ω) with homogeneous Neumann boundary conditions,
respectively. Moreover, let us define V sk := Vk∩Hs(Ω,S3), for 32 < s ≤ 2 and Vk := (span{ε(w1), ..., ε(wk)})⊥.
Then we denote by {ζkn}∞n=1 the basis of V sk . For more details we refer the reader to Appendix B.
The triple (uk,l, θk,l, ε
p
k,l) is a solution to approximate system of equations
(2.4)
∫
Ω(T k,l − αI) : ε(wn) dx = 0 n = 1, ..., k,
T k,l = D(ε(uk,l)− εpk,l),∫
Ω
(εpk,l)t :Dε(wn) dx =
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) :Dε(wn) dx n = 1, ..., k,∫
Ω
(εpk,l)t : Dζ
k
m dx =
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) :Dζ
k
m dx m = 1, ..., l,∫
Ω(θk,l)tvm dx+
∫
Ω∇θk,l · ∇vm dx +
∫
Ω αdiv (uk,l)tvm
=
∫
Ω Tk((T˜
d
+ T dk,l) : G(θ˜ + θk,l, T˜
d
+ T dk,l))vm dx m = 1, ..., l
for a.a. t ∈ [0, T ]. By Tk(·) we denoted truncation on level k, for definition see Appendix B. For each of
approximate equations (for each k, l ∈ N) we have the initial conditions in the following form
(2.5)
(θk,l(x, 0), vm) = (Tk(θ0), vm) m = 1, .., l,(
ε
p
k,l(x, 0), ε(wn)
)
D
= (εp0 , ε(wn))D n = 1, .., k,(
ε
p
k,l(x, 0), ζ
k
m)
)
D
=
(
ε
p
0 , ζ
k
m
)
D
m = 1, ..., l,
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where
(·, ·) denotes the inner product in L2(Ω) and (·, ·)
D
the inner product in L2(Ω,S3).
The selection of Galerkin bases and representation of the approximate solutions (2.3) leads to
(2.6) λnα
n
k,l(t)− λnγnk,l(t)− α
∫
Ω
div (wn) dx = 0 .
where λn is a corresponding eigenvalue to wn. Notice that the last integral on the left-hand side of above
mentioned equation is equal to zero, therefore
(2.7) αnk,l(t) = γ
n
k,l(t) for n = 1, . . . , k .
Let us define
ξ(t) = (β1k,l(t), ..., β
l
k,l(t), γ
1
k,l(t), ..., γ
k
k,l(t), δ
1
k,l(t), ..., δ
l
k,l(t))
T .
Moreover, for m = 1, ..., l,
(βmk,l(t))t + µmβ
m
k,l(t) + α
k∑
n=1
(αnk,l(t))t
∫
Ω
div (wn)vm dx
=
∫
Ω
Tk
((
(T˜
d
+D
k∑
n=1
αnk,lε(wn)−D(
k∑
n=1
γnk,l(t)ε(wn) +
l∑
n=1
δnk,l(t)ζn))
d
)
: G˜(x, t, ξ(t))
)
vm dx,
(2.8)
where µm is a corresponding eigenvalue to vm and
G˜(x, t, ξ(t)) : = G(θ˜ + θk,l, T˜
d
+ T dk,l)
= G
(
θ˜ +
l∑
j=1
βjk,l(t)vj(x), T˜
d −
(
D
l∑
j=1
δjk,l(t)ζ
k
j
)d)
.
We also observe that
(2.9) (γnk,l(t))t =
1
λn
∫
Ω
G˜(x, t, ξ(t)) :Dε(wn) dx.
Thus, we obtain
(2.10)
(γnk,l(t))t =
1
λn
∫
Ω
G˜(x, t, ξ(t)) :Dε(wn) dx,
(δmk,l(t))t =
∫
Ω
G˜(x, t, ξ(t)) :Dζkm dx,
(βmk,l(t))t =
∫
Ω
Tk
((
T˜
d −D(
l∑
n=1
δnk,l(t)ζn)
d
)
: G˜(x, t, ξ(t))
)
vm dx− µmβmk,l(t)
− α
k∑
n=1
1
λn
∫
Ω
G˜(x, t, ξ(t)) :Dε(wn) dx
∫
Ω
div (wn)vm dx.
System (2.10) with initial conditions (2.5) can be equivalently written as the initial value problem
dξ
dt
= F (ξ(t), t), t ∈ [0, T ),
ξ(0) = ξ0.
(2.11)
Note that function F (·, ·) is measurable with respect to t, continuous with respect to ξ and for every t function
F (·, t) is bounded. Let us fix k, l ∈ N. According to Carathéodory theorem, see [32, Theorem 3.4, Appendix]
or [43, Appendix (61)], there exist absolutely continuous functions βmk,l(t), γ
n
k,l(t) and δ
m
k,l(t) for every n ≤ k
and m ≤ l on some time interval [0, t∗]. Moreover, for every n ≤ k, there exists an absolutely continuous
function αnk,l(t) on [0, t
∗].
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2.2. Boundedness of approximate solutions and limit passage with l →∞. In this section we prove
uniform boundedness of approximate solutions. Some of them are uniform with respect to both approximation
parameters and some of them are uniform only with respect to l. Since the first limit passage is done with l
going to ∞, we focus here on bounds which are uniform with respect to that parameter.
Due to the fact that some of the following estimates go similarly to ones presented in [22], we skip them. For
those cases we only underline the difference between previous results and the following ones. In comparison to
model without thermal expansion, the estimates regarding to {(uk,l)t} appear, for which we present complete
proofs.
Definition 2.1. We say that E is the potential energy if
E(ε(u), εp) := 1
2
∫
Ω
D(ε(u)− εp) : (ε(u)− εp) dx.
Lemma 2.1. There exists a constant C which is uniform with respect to k and l such that
(2.12) sup
t∈[0,T ]
E(ε(uk,l), εpk,l)(t) + c‖T˜
d
+ T dk,l‖pLp(0,T,Lp(Ω)) ≤ C.
The idea of this proof is the same as of [22, Lemma 3.2]. The only difference is that term
∫
Ω αI(ε(uk,l))t dx
appears. After integration by parts it is equal to zero and has no influence of final result.
Remark. From (2.12) we immediately observe that the sequence {T dk,l} is uniformly bounded in the space
Lp(0, T, Lp(Ω,S3)) with respect to k and l. Additionally, using the growth conditions on function G, see
Assumptions 1.1, we conclude the uniform boundedness of the sequence {G(θ˜+ θk,l, T˜ d +T dk,l)} in the space
Lp
′
(0, T, Lp
′
(Ω,S3)). Thus, we obtain the uniform boundedness of the sequence {(T˜ d+T dk,l) : G(θ˜+θk,l, T˜
d
+
T dk,l)} in L1(0, T, L1(Ω)).
Lemma 2.2. For every fixed k the sequence {(εpk,l)t} is uniformly bounded in Lp
′
(0, T, (Hs(Ω,S3))′) with
respect to l.
Proof of Lemma 2.2 is the most tricky one in this part of the paper. We refer the reader to Appendix C,
where this proof is presented.
Let us calculate time derivative of equation (2.4)(1). We obtain
(2.13)
∫
Ω
(T k,l − αI)t : ε(wn) dx+
∫
Ω
(T k,l − αI) : ε(wn)t dx = 0.
Since αI is constant and wn does not depend on time, then (2.13) is equivalent to
(2.14)
∫
Ω
(T k,l)t : ε(wn) dx = 0.
Thus
(2.15)
∫
Ω
D(ε(uk,l))t : ε(wn) dx =
∫
Ω
D(εpk,l)t : ε(wn) dx,
for a.a. t ∈ (0, T ).
Lemma 2.3. For every fixed k ∈ N the sequence {(uk,l)t} is uniformly bounded in Lp′(0, T,W 1,20 (Ω,R3))
with respect to l.
Proof. Let us multiply the equation (2.15) by (αnk,l(t))t and sum over k ≤ n. Then we obtain
c‖ε(uk,l))t‖2L2(Ω) ≤
∫
Ω
D(ε(uk,l))t : (ε(uk,l))t dx =
∫
Ω
D(εpk,l)t : (ε(uk,l))t dx
≤ d‖(εpk,l)t‖(Hs(Ω))′‖(ε(uk,l))t‖Hs(Ω).
(2.16)
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Since for each k function uk,l is a finite dimensional function then we may estimate H
s(Ω)-norm by L2(Ω)
norm and we obtain
(2.17) c‖ε(uk,l))t‖2L2(Ω) ≤ d2‖(εpk,l)t‖(Hs(Ω))′‖(ε(uk,l))t‖L2(Ω),
which provides to
(2.18) c‖ε(uk,l))t‖L2(Ω) ≤ d2‖(εpk,l)t‖(Hs(Ω))′ .
Since we consider homogeneous Dirichlet boundary-value problem for displacement, we use Poincaré’s in-
equality. Then integrating over time interval (0, T ) and using Lemma 2.2 we finish the proof. 
Lemma 2.4. There exists a constant C, depending on the domain Ω and the time interval (0, T ), such that
for every k ∈ N
sup
0≤t≤T
‖θk,l(t)‖2L2(Ω) + ‖θk,l‖2L2(0,T,W 1,2(Ω)) + ‖(θk,l)t‖2L2(0,T,W−1,2(Ω))
≤ C
(
‖Tk
(
(T˜
d
+ T dk,l) : G(θ˜ + θk,l, T˜
d
+ T dk,l)
)
‖2L2(0,T,L2(Ω))
+ ‖Tk(θ0)‖2L2(Ω) + ‖(ε(uk,l))t‖2Lp′(0,T,L2(Ω))
)
.
(2.19)
Proof. The proof follows from the standard tools for parabolic equations, see e.g. Evans [19]. The only
problem which appears is that one has to estimate term
∫
Ω αI : (ε(uk,l))tθk,l dx, which is not trivial.
α
∫ T
0
∫
Ω
θk,ldiv (uk,l)t dx dt ≤ α
∫ T
0
‖θk,l‖L2(Ω)‖div (uk,l)t‖L2(Ω) dt
≤ α‖θk,l‖L∞(0,T,L2(Ω))‖div (uk,l)t‖L1(0,T,L2(Ω))
≤ ǫ‖θk,l‖2L∞(0,T,L2(Ω)) + C(ǫ)α2‖div (uk,l)t‖2Lp′ (0,T,L2(Ω))
≤ ǫ‖θk,l‖2L∞(0,T,L2(Ω)) + C(ǫ)α2‖(ε(uk,l))t‖2Lp′(0,T,L2(Ω)).
(2.20)
Putting the first term from right-hand side of above mentioned inequality into left-hand side we complete
the proof. 
Remark. The uniform boundedness of solutions implies the global existence of approximate solutions, i.e.
existence of solutions {αnk,l(t), βmk,l(t), γnk,l(t), δmk,l(t)} on the whole time interval [0, T ] for each n = 1, ..., k and
m = 1, ..., l.
Remark. Testing the heat equation by 1 we obtain that supt∈[0,T ]
∫
Ω
θk,l(t) dx is uniformly bounded with
respect to both parameters. Since we consider quasi-static problem, only thermal and potential energy of
material are taken into account in total energy. Using Lemma 2.1 we obtain that total physical energy is
finite.
Now, let us multiply equations from system (2.4) by smooth time-dependent functions and let us integrate
they over [0, T ]. Then∫ T
0
∫
Ω
(T k,l − αI) : ∇wnϕ1(t) dxdt = 0,∫ T
0
∫
Ω
(εpk,l)t :Dε(wn)ϕ2(t) dxdt =
∫ T
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : Dε(wn)ϕ2(t) dxdt,
(2.21)
for n = 1, ..., k and
∫ T
0
∫
Ω
(εpk,l)t :Dζ
k
mϕ3(t) dxdt =
∫ T
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) :Dζ
k
mϕ3(t) dxdt,
−
∫ T
0
∫
Ω
θk,lϕ
′
4(t)vm dxdt−
∫
Ω
θ0(x)ϕ4(0)vm dx +
∫ T
0
∫
Ω
∇θk,l · ∇vmϕ4(t) dxdt
+
∫ T
0
∫
Ω
αdiv(uk,l)tvmϕ4(t) dxdt =
∫ T
0
∫
Ω
Tk
(
(T˜
d
+ T dk,l) : G(θ˜ + θk,l, T˜
d
+ T dk,l)
)
ϕ4(t)vm dxdt,
(2.22)
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holds for every test functions ϕ1, ϕ2, ϕ3 ∈ C∞([0, T ]) and ϕ4 ∈ C∞c ([−∞, T )).
From the uniform boundedness of approximate solutions with respect to l we obtain that there exist at
least subsequences but still denoted by the index l that the following convergences hold
(2.23)
T k,l ⇀ T k weakly in L
2(0, T, L2(Ω,S3)),
T dk,l ⇀ T
d
k weakly in L
p(0, T, Lp(Ω,S3d)),
G(θ˜ + θk,l, T˜
d
+ T dk,l) ⇀ χk weakly in L
p′(0, T, Lp
′
(Ω,S3d)),
θk,l ⇀ θk weakly in L
2(0, T,W 1,2(Ω)),
θk,l → θk a.e. in Ω× (0, T ),
(εpk,l)t ⇀ (ε
p
k )t weakly in L
p′(0, T, (Hs(Ω,S3))′),
(uk,l)t ⇀ (uk)t weakly in L
p′(0, T,W 1,20 (Ω,R
3))
Passing to the limit in (2.21) and (2.22)(1) yields∫ T
0
∫
Ω
(T k − αI) : ∇wnϕ1(t) dxdt = 0, n = 1, . . . , k(2.24) ∫ T
0
∫
Ω
(εpk )t :Dε(wn)ϕ2(t) dxdt =
∫ T
0
∫
Ω
χk :Dε(wn)ϕ2(t) dxdt, n = 1, ..., k,∫ T
0
∫
Ω
(εpk )t :Dζ
k
mϕ3(t) dxdt =
∫ T
0
∫
Ω
χk : Dζ
k
mϕ3(t) dxdt, m ∈ N,
(2.25)
holds for every test functions ϕ1, ϕ2, ϕ3 ∈ C∞([0, T ]). By construction of bases set ({ε(wn)}kn=1, {ζkm}∞m=1)
is a dense set in Lp(Ω,S3). Thus
(2.26)
∫ T
0
∫
Ω
(εpk )t : ϕ dxdt =
∫ T
0
∫
Ω
χk : ϕ dxdt,
holds for all ϕ ∈ C∞([0, T ], Lp(Ω,S3)) and then also for all ϕ ∈ Lp(0, T ;Lp(Ω,S3)).
The last part of this section is devoted to identification the weak limit of the nonlinear term χk and showing
the convergence of G(θ˜+ θk,l, T˜
d
+ T dk,l) : (T˜
d
+ T dk,l). At this moment the limit of {G(θ˜+ θk,l, T˜
d
+T dk,l) :
(T˜
d
+ T dk,l)} is not defined, because {G(θ˜ + θk,l, T˜
d
+ T dk,l)} and {T˜
d
+ T dk,l} converges only weakly.
Lemma 2.5. The following inequality holds for solutions of approximate system
(2.27) lim sup
l→∞
∫ t
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T
d
k,l dxdt ≤
∫ t
0
∫
Ω
χk : T
d
k dxdt.
Proof. For each µ > 0, t2 ≤ T − µ, t ≥ 0, let ψµ : R+ → R+ be defined as follows
(2.28) ψµ,t2(t) =

1 for t ∈ [0, t2),
− 1
µ
t+ 1
µ
t2 + 1 for t ∈ [t2, t2 + µ),
0 for t ≥ t2 + µ.
The potential energy is an absolutely continuous function and calculating the time derivative of E(t) we get
for a.a. t ∈ [0, T ]
d
dt
E(ε(uk,l), εpk,l) =
∫
Ω
D(ε(uk,l)− εpk,l) : (ε(uk,l))t dx
−
∫
Ω
D(ε(uk,l)− εpk,l) : (εpk,l)t dx.
(2.29)
In the first step we multiply (2.4)(1) by {(αnk,l)t} for each n ≤ k. Summing over n = 1, ..., k we obtain
(2.30)
∫
Ω
(
D(ε(uk,l)− εpk,l)− αI
)
: (ε(uk,l))t dx = 0.
Hence
(2.31)
∫
Ω
D(ε(uk,l)− εpk,l) : (ε(uk,l))t dx−
∫
Ω
αI : (ε(uk,l))t dx = 0.
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Integrating by parts second integral we observe that it is equal to zero. In the second step we multiply (2.4)(4)
by δmk,l and summing over m = 1, ..., l, we obtain the identity, which is equivalent to
(2.32)
∫
Ω
(εpk,l)t : T k,l dx =
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T k,l dx.
Thus
d
dt
E(ε(uk,l), εpk,l) =−
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T
d
k,l dx.(2.33)
Multiplying (2.33) by ψµ,t2(t) and integrate over (0, T )∫ T
0
d
dτ
E(ε(uk,l), εpk,l)ψµ,t2 dt = −
∫ T
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T
d
k,l ψµ,t2 dxdt.(2.34)
Let us now integrate by parts the left hand side of (2.34)∫ T
0
d
dτ
E(ε(uk,l), εpk,l)ψµ,t2 dt =
1
µ
∫ t2+µ
t2
E(ε(uk,l(t)), εpk,l(t)) dt− E(ε(uk,l(0)), εpk,l(0)).(2.35)
Passing to the limit with l→∞ we obtain
lim inf
l→∞
∫ T
0
d
dτ
E(ε(uk,l), εpk,l)ψµ,t2 dt
= lim inf
l→∞
1
µ
∫ t2+µ
t2
E(ε(uk,l), εpk,l) dt− lim
l→∞
E(ε(uk,l(0)), εpk,l(0))
≥ 1
µ
∫ t2+µ
t2
E(ε(uk(t)), εpk (t)) dt− E(ε(uk(0)), εpk (0)).
(2.36)
Note that the last inequality holds due to the weak lower semicontinuity in L2(0, T, L2(Ω;S3)). Let us take
t1, τ ∈ (0, T ) and ǫ such that ǫ < min(t1, T − τ). Then we choose in (2.24) the test functions ϕ1(t) =
((αnk )t ∗ ηǫ1(t1,τ)) ∗ ηǫ, and in (2.26) ϕ = (T dk ∗ ηǫ1(t1,τ)) ∗ ηǫ, where ηǫ is a standard mollifier and we mollify
with respect to time. Thus we obtain∫ T
0
∫
Ω
T k : ε(((α
n
k )t ∗ ηǫ1(t1,τ)) ∗ ηǫwn) dx = 0,∫ T
0
∫
Ω
(εpk )t : (T
d
k ∗ ηǫ1(t1,τ)) ∗ ηǫ dx =
∫ T
0
∫
Ω
χk :(T
d
k ∗ ηǫ1(t1,τ)) ∗ ηǫ dx,
(2.37)
for n = 1, ..., k. Using the properties of convolution and summing (2.37)(1) over n = 1, ..., k we obtain∫ τ
t1
∫
Ω
D (ε(uk)− εpk ) ∗ ηǫ : (ε(uk) ∗ ηǫ)t dxdt = 0,∫ τ
t1
∫
Ω
(εpk ∗ ηǫ)t : T dk ∗ ηǫ dxdt =
∫ τ
t1
∫
Ω
χk ∗ ηǫ :T dk ∗ ηǫ dxdt.
(2.38)
Properties of traceless matrices, i.e. A ∈ S3d and B ∈ S3 then A : Bd = A : B holds, allow us to replace
deviatoric part of matrix T dk by T k in (2.38)(2) and it is still well defined. Subtracting (2.38)(2) from (2.38)(1)
and passing with ǫ→ 0 we obtain the equality
(2.39)
1
2
∫
Ω
D(ε(uk)− εpk ) : (ε(uk)− εpk ) dx
∣∣∣τ
t1
= −
∫ t2
t1
∫
Ω
χk : T
d
k dxdt.
Since ε(uk), ε
p
k ∈ Cw([0, T ], L2(Ω,S3)), then we may pass with t1 → 0 and conclude
(2.40) E(ε(uk(τ)), εpk (τ)) − E(ε(uk(0)), εpk (0)) = −
∫ t2
0
∫
Ω
χk : T
d
k dxdt.
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Multiplying (2.40) by 1
µ
and integrating over the interval (t2, t2 + µ) we get
1
µ
∫ t2+µ
t2
E(ε(uk(τ)), εpk (τ)) dτ − E(ε(uk(0)), εpk (0)) = −
1
µ
∫ t2+µ
t2
∫ τ
0
∫
Ω
χk : T
d
k dxdt dτ.(2.41)
For brevity we denote
F (s) :=
∫
Ω
χk : T
d
k dx,
which is obviously in L1(0, T ). Then we may apply the Fubini theorem
1
µ
∫ t2+µ
t2
∫ τ
0
F (s) ds dτ =
1
µ
∫
R2
1{0≤s≤τ}(s)1{t2≤τ≤t2+µ}(τ)F (s) ds dτ
=
1
µ
∫
R
(∫
R
1{0≤s≤τ}(s)1{t2≤τ≤t2+µ}(τ) dτ
)
F (s) ds.
(2.42)
The crucial observation is that
(2.43) ψµ,t2(s) =
1
µ
∫
R
1{0≤s≤τ}(s)1{t2≤τ≤t2+µ}(τ) dτ.
Hence using (2.34) and (2.36) we conclude
(2.44) −
∫ T
0
∫
Ω
χk : T
d
k ψµ,t2 dxdt ≤ lim inf
l→∞
(
−
∫ T
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T
d
k,l ψµ,t2 dxdt
)
,
which is nothing else than
(2.45) lim sup
l→∞
∫ T
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T
d
k,l ψµ,t2 dxdt ≤
∫ T
0
∫
Ω
χk : T
d
k ψµ,t2 dxdt.
Let us observe now that
lim sup
l→∞
∫ t2
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T
d
k,l dxdt
≤ lim sup
l→∞
∫ t2
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : (T˜
d
+ T dk,l) dxdt
− lim
l→∞
∫ t2
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T˜
d
dxdt
≤ lim sup
l→∞
∫ t2+µ
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : (T˜
d
+ T dk,l)ψµ,t2 dxdt
− lim
l→∞
∫ t2
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T˜
d
dxdt
≤ lim sup
l→∞
∫ t2+µ
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T
d
k,l ψµ,t2 dxdt
+ lim
l→∞
∫ t2+µ
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T˜
d
ψµ,t2 dxdt
− lim
l→∞
∫ t2
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T˜
d
dxdt
≤
∫ t2+µ
0
∫
Ω
χk : T
d
k ψµ,t2 dxdt+ lim
l→∞
∫ t2+µ
t2
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : T˜
d
ψµ,t2 dxdt.
(2.46)
Passing with µ→ 0 yields (2.27). The proof is complete. 
To identify the weak limit χk we use the Minty-Browder trick. This procedure was presented in [22]. We
use monotonicity of function G(·, ·) with respect to second variable and pointwise convergence of temperature
{θk,l}∞k=1 to obtain that
(2.47) χk = G(θ˜ + θk, T˜
d
+ T dk) a.e. in (0, T )× Ω.
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This implies that for every k ∈ N
(2.48) G(θ˜ + θk,l, T˜
d
+ T dk,l) ⇀ G(θ˜ + θk, T˜
d
+ T dk) in L
p′(0, T, Lp
′
(Ω,S3)),
as l → ∞. Moreover, using monotonicity of function G(·, ·) and pointwise convergence of temperature
{θk,l}∞k=1 again we get following lemma.
Lemma 2.6. For each k ∈ N it holds
lim
l→∞
∫ T
0
∫
Ω
G(θ˜ + θk,l, T˜
d
+ T dk,l) : (T˜
d
+ T dk,l) dxdt =
∫ T
0
∫
Ω
G(θ˜ + θk, T˜
d
+ T dk) : (T˜
d
+ T dk) dxdt.
(2.49)
Now we are able to pass to the limit in the heat equation. Namely, we obtain the following equality for
all test functions φ ∈ C∞([0, T ]× Ω)
−
∫ T
0
∫
Ω
θkφt dxdt−
∫
Ω
θk(x, 0)φ(x, 0) dx +
∫ T
0
∫
Ω
∇θk · ∇φdxdt
+
∫
Q
αdiv(uk)tφdxdt =
∫ T
0
∫
Ω
Tk
(
(T dk + T˜
d
) : G(θ˜ + θk, T˜
d
+ T dk)
)
φdxdt,
(2.50)
which completes the first limit passage.
2.3. Boundedness of approximate solutions and limit passage with k →∞. Since in previous section
some uniform bounds were proved only with respect to l, we present here estimates with respect to k. At
the beginning we recall two lemmas from [22], which are presented without proofs. Then we prove the third
one which give us required estimates for time derivative of displacement.
Lemma 2.7. [22, Lemma 3.6]
The sequence {εpk} is uniformly bounded in W 1,p
′
(0, T, Lp
′
(Ω,S3)) with respect to k.
Lemma 2.8. [22, Lemma 3.7]
The sequence {uk} is uniformly bounded in Lp′(0, T,W 1,p
′
0 (Ω,R
3)) with respect to k.
Lemma 2.9. The sequence {(uk)t} is uniformly bounded in Lp′(0, T,W 1,p
′
0 (Ω,R
3)).
Proof. Multiplying (2.15) by function ϕ(t) ∈ C∞([0, T ]), integrating over time interval (0, T ) and passing to
the limit with l→∞ we obtain
(2.51)
∫ T
0
∫
Ω
D(ε(uk))t : ε(wn)ϕ(t) dxdt =
∫ T
0
∫
Ω
D(εpk )t : ε(wn)ϕ(t) dxdt.
Let us define the projection
(2.52) P k : Lp(Ω,S3)→ lin{ε(w1), ..., ε(wk)}, P kv :=
k∑
i=1
(v, ε(wi))Dε(wi).
Let us takeϕ ∈ Lp(0, T, Lp(Ω,S3)). Property of projection implies that ‖P kϕ‖Lp(0,T,Lp(Ω,S3)) ≤ ‖ϕ‖Lp(0,T,Lp(Ω,S3)).
Using the fact that P k(ε(uk))t = (ε(uk))t and using (2.51) we obtain that∫ T
0
∫
Ω
D(ε(uk))t : ϕdxdt =
∫ T
0
∫
Ω
D(ε(uk))t : P
kϕ dxdt =
∫ T
0
∫
Ω
D(εpk )t : P
kϕ dxdt
≤ ‖(εpk )t‖Lp′(0,T,Lp′(Ω,S3))‖P kϕ‖Lp(0,T,Lp(Ω,S3))
≤ ‖(εpk )t‖Lp′(0,T,Lp′(Ω,S3))‖ϕ‖Lp(0,T,Lp(Ω,S3)).
(2.53)
Thus
‖(ε(uk))t‖Lp′(0,T,Lp′(Ω,S3)) = sup
ϕ∈Lp(0,T,Lp(Ω,S3))
‖ϕ‖
Lp(0,T,Lp(Ω,S3))
≤1
∫ T
0
∫
Ω
D(ε(uk))t : ϕdxdt
≤ ‖(εpk )t‖Lp′(0,T,Lp′(Ω,S3)).
(2.54)
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This, together with Poincaré’s inequality and Lemma 2.7, completes the proof. 
Let us focus on heat equation (2.50). It is a weak formulation of equation
(2.55) (θk)t −∆θk = Tk
(
(T˜
d
+ T dk) : G(θ˜ + θk, T˜
d
+ T dk)
)
− αdiv (uk)t.
From previous estimates we get that right-hand side of above mentioned equation is uniformly bounded in
L1(0, T, L1(Ω)). Using Boccardo and Galllouët approach for parabolic equation with Neumann boundary
conditions, see Appendix D or [22,27], we observe that for each 1 < q < 54 there exists θ ∈ Lq(0, T,W 1,q(Ω))
such that
(2.56) θk ⇀ θ weakly in L
q(0, T,W 1,q(Ω)).
Note that we need a weak convergence of right-hand side of (2.55) to obtain strong convergence of {θk}.
Moreover, the rest of uniform estimates allows us to conclude that, at least for a subsequence, the following
holds
(2.57)
θk → θ a.e. in Ω× (0, T ),
uk ⇀ u weakly in L
p′(0, T,W 1,p
′
0 (Ω,R
3)),
T k ⇀ T weakly in L
2(0, T, L2(Ω,S3)),
T dk ⇀ T
d weakly in Lp(0, T, Lp(Ω,S3d)),
G(θ˜ + θk, T˜
d
+ T dk) ⇀ χ weakly in L
p′(0, T, Lp
′
(Ω,S3d)),
(εpk )t ⇀ (ε
p)t weakly in L
p′(0, T, Lp
′
(Ω,S3d)),
(uk)t ⇀ ut weakly in L
p′(0, T,W 1,p
′
0 (Ω,R
3)).
Consequently, passing to the limit in (2.24), (2.26) we obtain∫ T
0
∫
Ω
(T − αI) : ∇ϕ dxdt = 0(2.58)
(2.59)
∫ T
0
∫
Ω
(εp)t : ψ dxdt =
∫ T
0
∫
Ω
χ : ψ dxdt
for all ϕ ∈ C∞([0, T ],W 1,2(Ω,S3)) (and then also for all ϕ ∈ L2(0, T ;W 1,2(Ω,S3))) and for all ψ ∈
Lp(0, T ;Lp(Ω,S3)). To complete this limit passage it remains to characterize the weak limit χ and pass
to the limit in the heat equation (2.50). Again there is a problem with right-hand side of (2.50). To deal
with this issue we follow the similar lines as in the limit passage with l→∞.
Lemma 2.10. The following inequality holds for the solution of approximate systems.
(2.60) lim sup
k→∞
∫ t2
0
∫
Ω
G(θ˜ + θk, T˜
d
+ T dk) : T
d
k dxdt ≤
∫ t2
0
∫
Ω
χ : T d dxdt.
Proof. Due to (2.47) we can repeat argumentation from the beginning of Lemma 2.5 proof and we obtain
(2.61)
d
dt
E(ε(uk), εpk ) = −
∫
Ω
G(θ˜ + θk, T˜
d
+ T dk) : T
d
k dx.
We multiply the above identity by ψµ,t2 given by formula (2.28) and integrate over (0, T ). Passing to the
limit k →∞ we proceed in the same manner as in the proof of Lemma 2.5 and obtain
lim inf
k→∞
∫ T
0
d
dτ
E(ε(uk), εpk )ψµ,t2 dt
= lim inf
k→∞
1
µ
∫ t2+µ
t2
E(ε(uk), εpk ) dt− lim
k→∞
E(ε(uk(0)), εpk (0))
≥ 1
µ
∫ t2+µ
t2
E(ε(uk(t)), εpk (t)) dt− E(ε(u(0)), εp(0)).
(2.62)
For the final step of this proof we need to show that the energy equality holds. Contrary to the case of
previous section, we cannot use the time derivative of the limit, namely (u)t as the test function since is not
regular enough. Although we can use a time derivative of approximate solution, i.e. (uk)t. Moreover, due
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to the fact that (ε(uk) − εpk )t has worse regularity than ε(uk) − εpk we will mollify it with respect to time.
For 0 < ǫ < min(t1, T − t2) let us take ϕ = ((ε(uk) ∗ ηǫ)t1(t1,t2)) ∗ ηǫ as test function in (2.58). Here, ηǫ is a
standard mollifier and we mollify with respect to time. Then
(2.63)
∫ t2
t1
∫
Ω
(D(ε(u)− εp)− αI) ∗ ηǫ : (ε(uk) ∗ ηǫ)t dxdt = 0.
As previously, term with αI is equal to zero. Then we test an approximate equation (2.26) by a test function
ψ = (T dk ∗ ηǫ1(t1,t2)) ∗ ηǫ. This provides to
(2.64)
∫ t2
t1
∫
Ω
(εpk ∗ ηǫ)t : T ∗ ηǫ dxdt =
∫ t2
t1
∫
Ω
G(θ˜ + θk, T˜
d
+ T dk) ∗ ηǫ : T ∗ ηǫ dxdt.
Subtracting (2.64) from (2.63) we get
(2.65)
∫ t2
t1
∫
Ω
T ∗ ηǫ : (ε(uk)− εpk )t ∗ ηǫ dxdt = −
∫ t2
t1
∫
Ω
G(θ˜ + θk, T˜
d
+ T dk) ∗ ηǫ : T d ∗ ηǫ dxdt.
For every ǫ > 0 the sequence {(ε(uk)− εpk )t ∗ ηǫ} belongs to L2(0, T, L2(Ω,S3)) and is uniformly bounded in
L2(0, T, L2(Ω,S3)), hence we pass to the limit with k →∞. Using the properties of convolution, passing to
the limit with ǫ→ 0 and then with t1 → 0 we obtain
(2.66)
∫
Ω
D(ε(u)− εp) : (ε(u)− εp) dx
∣∣∣t2
0
= −
∫ t2
0
∫
Ω
χ : T d dxdt.
We multiply (2.66) by 1
µ
and integrate over (t2, t2 + µ) and proceed now in the same manner as in the proof
of Lemma 2.5. 
Using the Minty-Browder trick to identify the weak limit χ and the same argumentation as in the previous
limit passage, we obtain that χ = G(θ˜ + θ, T˜
d
+ T d) a.a. in Ω× (0, T ) and
(2.67) G(θ˜ + θk, T˜
d
+ T dk) : (T˜
d
+ T dk) ⇀ G(θ˜ + θ, T˜
d + T d) : (T˜
d
+ T d) in L1(0, T, L1(Ω)).
Furthermore,
(2.68) Tk
(
G(θ˜ + θk, T˜
d
+ T dk) : (T˜
d
+ T dk)
)
⇀ G(θ˜ + θ, T˜
d
+ T d) : (T˜
d
+ T d),
in L1(0, T, L1(Ω)). Then passing to the limit with k→∞ in (2.50) we obtain
−
∫ T
0
∫
Ω
θφt dxdt−
∫
Ω
θ(x, 0)φ(x, 0) dx +
∫ T
0
∫
Ω
∇θ · ∇φdxdt
+
∫
Q
αdiv(u)tφdxdt =
∫ T
0
∫
Ω
(T˜
d
+ T d) : G(θ˜ + θ, T˜ + T d)φdxdt,
(2.69)
for all φ ∈ C∞([0, T ]×Ω) which completes the second limit passage and as a consequence it finishes the proof
of Theorem 1.1.
Appendix A. Transformation into homogeneous boundary value problem
The aim of this section is to reduce full boundary problem into homogeneous one. Let us define two
additional systems of equations
(A.1)

−div T˜ = f in Ω× (0, T ),
T˜ = Dε(u˜) in Ω× (0, T ),
u˜ = g on ∂Ω× (0, T ),
and
(A.2)

θ˜t −∆θ˜ + αdiv u˜t = 0 in Ω× (0, T ),
∂θ˜
∂n
= gθ on ∂Ω× (0, T ),
θ˜(x, 0) = θ˜0 in Ω,
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where f is a given volume force, g and gθ are given boundary values for displacement and thermal flux,
respectively. It may be understand as follows: system (A.1) is subject to the same external forces as problem
(1.1). Since (A.1) describes elastic deformation, no mechanical energy is transformed into thermal one. That
is the reason why right-hand side of (A.2)(1) is equal to zero. (A.1)–(A.2) are complemented with the same
boundary conditions as (1.1) and θ˜0 ∈ L2(Ω) is arbitrary function. Moreover, one should remember that
inelastic deformation in (1.1) is defined by Norton-Hoff-type constitutive function (i.e. it satisfies p-growth
condition with respect to second variable) with p ≥ 2.
Lemma A.1. Let θ˜0 ∈ L2(Ω), g ∈ W 1,p(0, T,W 1−
1
p
,p(∂Ω,R3)), gθ ∈ L2(0, T, L2(∂Ω)) and moreover
f ∈ W 1,p(0, T,W−1,p(Ω,R3)). Then there exists a solution to systems (A.1) and (A.2). Additionally,
the following estimates hold:
‖u˜‖W 1,p(0,T,W 1,p(Ω)) ≤ C1
(
‖g‖
W 1,p(0,T,W
1− 1
p
,p
(∂Ω)
+ ‖f‖W 1,p(0,T,W−1,p(Ω))
)
,
‖θ˜‖L∞(0,T,L2(Ω)) + ‖θ˜‖L2(0,T,W 1,2(Ω)) ≤ C2
(
‖gθ‖L2(0,T,L2(∂Ω)) + ‖θ˜0‖L2(Ω) + α‖div u˜t‖Lp(0,T,Lp(Ω))
)
.
Moreover, θ belongs to C([0, T ], L2(Ω)).
Remark. From the trace theorem [42, Chapter II] there exist g˜ ∈W 1,p(0, T,W 1,p(Ω,R3)) such that g˜|∂Ω = g.
Then, finding the solution u˜ to (A.1) is equivalent to finding the solution u˜1 to the following problem
(A.3)
{ −divDε(u˜1) = f + divDε(g˜) in Ω× (0, T ),
u˜1 = 0 on ∂Ω× (0, T ),
and u˜ = u˜1 + g˜. Using [42, Corollary 4.4] for (A.3) and for time derivative of this equation, we obtain the
estimates on u˜ presented in Lemma A.1, whereas the estimates for θ˜ are standard calculations (note that
p ≥ 2).
Then, instead of finding (û, θ̂) - the solution to problem (1.1)-(1.2)-(1.3), we shall search for (u, θ), where
u = û− u˜, θ = θ̂ − θ˜ and (u˜, θ˜) solve (A.1) and (A.2). It means that we consider
(A.4)

−divσ = 0,
T =D(ε(u)− εp),
σ = T − αI,
ε
p
t = G(θ˜ + θ, T˜
d
+ T d),
θt −∆θ + αdiv (ut) =
(
T˜
d
+ T d
)
: G(θ˜ + θ, T˜
d
+ T d),
with initial and boundary conditions
(A.5)

θ(·, 0) = θ̂0 − θ˜0 ≡ θ0 in Ω,
εp(·, 0) = εp0 in Ω,
u = 0 on ∂Ω× (0, T ),
∂θ
∂n
= 0 on ∂Ω× (0, T ),
where θ̂0 is given initial condition for the temperature and θ˜0 is initial condition for the system (A.2).
Appendix B. Construction of approximate solution
Construction of approximate solutions is done in the same way as in [22]. There are no issues with bases
for temperature and displacement. Special attention is required in the construction of basis for visco-elastic
strain tensor εp. For more details we refer the reader to [22, Appendix B]. Here, we briefly summarized the
results presented there. Let k ∈ N and Tk(·) be a standard truncation operator
(B.1) Tk(x) =

k x > k
x |x| ≤ k
−k x < −k.
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Since the right-hand side and initial condition of heat equation are only the integrable function, we use
two level approximation, i.e. independent parameters of approximation in the displacement and temperature.
Further, approximate solution will be denoted by index (k, l), where k corresponds to range of Galerkin
approximation of displacement and l corresponds to range of Galerkin approximation of temperature. This
allows us to make limit passages independent for both approximations.
Now, we construct basis for approximate solutions for displacement. Let us consider the space L2(Ω,S3)
with a scalar product defined
(B.2) (ξ,η)D :=
∫
Ω
D
1
2 ξ :D
1
2η dx for ξ,η ∈ L2(Ω,S3)
where D
1
2 ◦D 12 = D. Let {wi}∞i=1 be the set of eigenfunctions of the operator −divDε(·) with the domain
W 1,20 (Ω,R
3) and {λi} be the corresponding eigenvalues such that {wi} is orthonormal in W 1,20 (Ω,R3) with
the inner product
(B.3) (w,v)W 1,20 (Ω)
= (ε(w), ε(v))D
and orthogonal in L2(Ω,R3). Since we assume that each of the function di,j,k,l is constant and boundary of
the domain is C2, we know that the basis {wi} consists of functions which belong to H3(Ω,R3), see [11]. Let
us denote
(B.4) ‖ε(w)‖D :=
√
(ε(w), ε(w))D .
Using the eigenvalue problem for the operator −divDε(·) we obtain
(B.5)
∫
Ω
Dε(wi) : ε(wj) dx = λi
∫
Ω
wi ·wj dx = 0.
Furthermore, let {vi}∞i=1 be the subset of W 1,2(Ω) such that
(B.6)
∫
Ω
(∇vi · ∇φ− µiviφ) dx = 0,
holds for every function φ ∈ C∞(Ω), see [2, 36]. We may assume that {vi} is orthonormal in W 1,2(Ω)
and orthogonal in L2(Ω). Let {µi} be the set of corresponding eigenvalues. The set {wi} is used to con-
struct approximate solutions of displacement, whereas set {vi} is used to construct approximate solutions of
temperature. What remains, is to construct basis for visco-elastic strain tensor.
Let us consider the symmetric gradients of first k functions from the basis {wi}∞i=1. Due to the regularity
of eigenfunctions we observe that ε(wi) are elements of H
s(Ω,S3), that is fractional Sobolev space with a
scalar product denoted by ((·, ·))s for 32 < s ≤ 2. We define space
(B.7) Vk := (span{ε(w1), ..., ε(wk)})⊥,
which is the orthogonal complement in L2(Ω,S3) taken with respect to the scalar product (·, ·)D. Then let
us introduce the space
(B.8) V sk := Vk ∩Hs(Ω,S3).
Since the co-dimension of V sk is finite, then V
s
k is closed in H
s(Ω,S3) with respect to the ‖ · ‖Hs−norm.
Using [22, Theorem B.1] we construct the orthogonal basis of Vk, which is also an orthonormal basis of V
s
k .
We denote this basis by {ζkn}∞n=1.
For k, l ∈ N, we are ready to define approximate solution
uk,l =
k∑
n=1
αnk,l(t)wn,
θk,l =
l∑
m=1
βmk,l(t)vm,
ε
p
k,l =
k∑
n=1
γnk,l(t)ε(wn) +
l∑
m=1
δmk,l(t)ζ
k
m.
(B.9)
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Appendix C. Proof of Lemma 2.2
The following proof comes from [22].
Proof. Recall that {ζkn}∞n=1 is an orthonormal basis of V sk and orthogonal basis of Vs, where those spaces are
defined by (B.8) and (B.7), respectively. We define the following projections:
P lHs : H
s → lin{ζk1 , ..., ζkl }, P lHsv :=
l∑
i=1
((v,
ζki√
λi
))s
ζki√
λi
P lL2 : L
2 → lin{ζk1 , ..., ζkl }, P lL2v :=
l∑
i=1
(v, ζki )Dζ
k
i .
(C.1)
Then, we observe that
(C.2) P lL2
∣∣∣
V s
k
= P lHs
∣∣∣
V s
k
.
Indeed, if ϕ ∈ V sk then
(C.3) P lL2ϕ =
l∑
i=1
(ϕ, ζki )Dζ
k
i =
l∑
i=1
((ϕ,
ζki√
λi
))s
ζki√
λi
= P lHsϕ,
where the second equality is condition for eigenvalues. Moreover, the norms ‖P lHs‖L(Hs) and ‖P lL2‖L(L2) are
equal to 1.
Let us define the projection
(C.4) P k : L2 → lin{ε(w1), ..., ε(wk)}, P kv :=
k∑
i=1
(v, ε(wi))Dε(wi).
Our goal is to obtain the estimates independent of l. Since P k is the projection which does not dependent
on l, then there exists c(k) (depending only on k) such that for every ϕ ∈ S3 it holds
(C.5) max(‖P kϕ‖Hs , ‖(Id− P k)ϕ‖Hs) ≤ c(k)‖ϕ‖Hs .
Thus, we may observe that
(C.6) P lHs(Id− P k)v =
l∑
i=1
(((Id − P k)v, ζ
k
i√
λi
))s
ζki√
λi
=
l∑
i=1
((Id− P k)v, ζi)Dζki =
l∑
i=1
(v, ζi)Dζ
k
i = P
l
L2v.
Notice that by (B.9)(3) we have (P
k + P lL2)(ε
p
k,l)t = (ε
p
k,l)t. Let ϕ ∈ Lp(0, T,Hs(Ω,S3)), then we may
estimate as follows∫ T
0
|((εpk,l)t,ϕ)D| dt =
∫ T
0
|((P k + P lL2)(εpk,l)t,ϕ)D| dt
=
∫ T
0
|((εpk,l)t, (P k + P lL2)ϕ)D| dt
≤
∫ T
0
|((εpk,l)t, P kϕ)D| dt+
∫ T
0
|((εpk,l)t, P lL2ϕ)D| dt,
(C.7)
where the second equality holds because the projections are self-adjoint operators and the inequality is
a consequence of the orthogonality of subspaces lin{ε(w1), . . . , ε(wk)} and lin{ζk1 , . . . , ζkl } in the sense of
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(·, ·)D. Thus,∫ T
0
|((εpk,l)t, ϕ)D | dt ≤
∫ T
0
|
∫
Ω
DG(θk,l + θ˜,T
d
k,l + T˜
d
)P kϕ dx| dt
+
∫ T
0
|
∫
Ω
DG(θk,l + θ˜,T
d
k,l + T˜
d
)P lL2ϕdx| dt
≤
∫ T
0
|
∫
Ω
DG(θk,l + θ˜,T
d
k,l + T˜
d
)P kϕ dx| dt
+
∫ T
0
|
∫
Ω
DG(θk,l + θ˜,T
d
k,l + T˜
d
)(P lHs ◦ (Id− P k))ϕ dx| dt.
(C.8)
The estimates of this first term on right hand side of abovementioned inequality are obvious∫ T
0
|
∫
Ω
DG(θk,l + θ˜,T
d
k,l + T˜
d
)P kϕ| dt
≤ d
∫ T
0
‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(Ω)‖P kϕ‖Lp(Ω) dt
≤ c˜
∫ T
0
‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(Ω)‖P kϕ‖Hs(Ω) dt
≤ c(k)c˜
∫ T
0
‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(Ω)‖ϕ‖Hs(Ω) dt
≤ c(k)c˜‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(0,T,Lp′(Ω))‖ϕ‖Lp(0,T,Hs(Ω)),
(C.9)
where c˜ is an optimal embedding constant of Hs(Ω,S3) ⊂ Lp(Ω,S3). Now, let us focus on the second term
from (C.8). We obtain
∫ T
0
|
∫
Ω
DG(θk,l + θ˜,T
d
k,l + T˜
d
)(P lHs ◦ (Id− P k))ϕ dx| dt
≤ d
∫ T
0
‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(Ω)‖(P lHs ◦ (Id− P k))ϕ‖Lp(Ω) dt
≤ c˜
∫ T
0
‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(Ω)‖(P lHs ◦ (Id− P k))ϕ‖Hs(Ω) dt
≤ c˜
∫ T
0
‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(Ω)‖(Id− P k)ϕ‖Hs(Ω) dt
≤ c˜c(k)
∫ T
0
‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(Ω)‖ϕ‖Hs(Ω) dt
≤ c˜c(k)‖G(θk,l + θ˜,T dk,l + T˜
d
)‖Lp′(0,T,Lp′(Ω))‖ϕ‖Lp(0,T,Hs(Ω)).
(C.10)
Consequently, there exists C(k) > 0 such that
(C.11) sup
ϕ∈Lp(0,T,Hs(Ω))
‖ϕ‖Lp(0,T,Hs(Ω))≤1
∫ T
0
|((εpk,l)t,ϕ)D| dt ≤ C(k),
and hence sequence {(εpk,l)t} is uniformly bounded in Lp
′
(0, T, (Hs(Ω,S3))′) with respect to l.

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Appendix D. Solution to heat equations
Let us focus on the following problem
(D.1)

(θ)t −∆θ = f in Ω× (0, T ),
∂θ
∂n
on ∂Ω× (0, T ),
θ(·, 0) = θ0 on Ω,
where f belongs to L1(Ω × (0, T )) and θ0 belongs to L1(Ω). Now, let us define the approximate system of
equations in the following way: for every k ∈ N let us take function fk which belongs to L2(Ω× (0, T )) and
the sequence {fk} is uniformly bounded in L1(Ω × (0, T )). Additionally, Tk(θ0) ∈ L2(Ω), ‖Tk(θ0)‖L1(Ω) ≤
‖θ0‖L1(Ω) and Tk(θ0)→ θ0 in L1(Ω). Then θk is an approximate solution of
(D.2)

(θk)t −∆θk = fk in Q,
∂θk
∂n
= 0 on ∂Ω× (0, T ),
θk(·, 0) = Tk(θ0) on Ω,
where Tk(·) is a standard truncation operator defined in (B.1).
Lemma D.1. Let {fk} be uniformly bounded in L1(Ω × (0, T )) and θ0 belongs to L1(Ω). Then, for q <
2(N+1)−N
N+1 (q <
5
4 for N = 3) the sequence {θk} is uniformly bounded in Lq(0, T,W 1,q(Ω)). Moreover, if {fk}
converges weakly to f in L1(Ω × (0, T )) then θ belongs to Lq(0, T,W 1,q(Ω)) ∩ C([0, T ],W−2,2(Ω)) and it is
solution to the system (D.1).
The idea of Lemma D.1 proof is simple. Firstly, we used truncation of approximate solutions as test
function to prove uniform estimates in Lq(0, T,W 1,q(Ω)). The vale of q is a consequence of summable of
series which appear during the estimates. The uniform boundedness of this sequence gives us pointwise
convergence of temperature. To prove the second part of lemma we need to have at least weak convergence of
right-hand side in L1(Ω× (0, T )). For Norton-Hoff-type model with linear thermal expansion the right-hand
side function is defined in the following way
(D.3) fk = G(θ˜ + θk, T˜
d
+ T dk) : (T˜
d
+ T dk)− αdiv(uk)t.
To obtain the convergence of this sequence we used a pointwise convergence of sequence {θk}, see Section 2.3.
Finally, using compactness argument we get that θ ∈ Lq(0, T,W 1,q(Ω)) ∩ C([0, T ],W−2,2(Ω)). The original
idea of such estimates (for Dirichlet boundary) problem was presented in [10]. Proof of Lemma D.1 (heat
equation with Neumann boundary condition) may be found in [27].
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